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Abstract—In this work we introduce a planar restricted four-body problem where a massless
particle moves under the gravitational influence due to three bodies following the eight figure
choreography, and we explore some symmetric periodic orbits of this system which turns out
to be non autonomous. We demonstrate that certain families of involutions are reversing
symmetries of certain N–body problem. We consider a particular case of such families of
reversing symmetries and we use it to study both theoretically and numerically certain type
of symmetric periodic orbits of this system. The symmetric periodic orbits (initial conditions)
were determined by means of solving some boundary value problems.
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1. Introduction
The N–body problem consists in the study of the dynamics of N particles interacting through
the Newton’s law of gravity. Among the different type of solutions that appear in this system, the
periodic orbits play a fundamental role since the system does not posses equilibrium solutions. In
particular, a solution of the three-body, the eight figure solution [6, 18] gave rise to the study of
a new type of solutions, the so called choreographies [22]. In a few words, a choreography is a
periodic solution of the N–body problem where the bodies follow the same path with a common
and constant time shift. One of the remarkable properties of the eight figure choreography is that
is KAM stable, unlike other choreographies [25]. The eight figure choreography has been studied
extensively in different perspectives, for instance curvature [10], or in the sense of bifurcations
and stability [11, 21]. The number of studies on choreographies has increased, up to now several
choreographies are known for n > 3 bodies [14, 22], and they have been studied in spaces of constant
curvature [16, 17], and for homogeneous potentials different from the gravitational [12]. There are
still open questions [7], for instance, if choreographies with different masses could exist [8].
In this article, we introduce a restricted four-body problem, related with the eight figure solution.
We consider the study of the motion of a massless particle in presence of three bodies which follow
the eight figure choreography. After setting such a restricted four-body problem, we focus on the
periodic orbits of the system. In the classical restricted circular three and four body problems
there exists a first integral, the so called Jacobi constant [5, 23], that allows the existence of
monoparametric periodic solutions in the rotating frame, for a fixed value of the mass parameter.
In our case the system does not have a first integral, therefore the periodic orbits are isolated,
as it happens in the restricted elliptic three-body problem [3, 23]. For the study of the periodic
orbits we use certain reversing symmetries of the four body problem, which are compatible with the
eight figure choreography. We prove the existence of a reversing symmetry for the planar N–body
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problem with N = 2n+ k, for what is required that each pair of the 2n bodies have equal masses,
without restriction in the masses of k bodies. Later, we consider specifically the reversing symmetry
for n = 1, k = 2, that will be useful for the restricted four-body problem. We compute numerically
several periodic orbits by means of solving autonomous, and non-autonomous, boundary value
problems.
As a matter of fact, our restricted four-body problem presents an inherent difficulty, different
from those that appear in the circular and elliptic restricted three-body problems, which is that we
do not have explicit formulas for the orbit of the primaries, we mean the eight figure choreography,
although we know it through its initial condition. To the best of our knowledge, this restricted
problem of four bodies has been not studied. We think that it could lead to the understanding of
choreographies from a different point of view of those already considered.
The content of the article is the following. First, in section 2 we introduce the equations of motion
of the N–body problem, and later, in Section 3 we state the definition of reversing symmetry, and
a Theorem that gives sufficient conditions for the existence of periodic solutions in systems that
possess reversing symmetries. In section 4 we give a proof of a reversing symmetry for the N–body
problem where N = 2n+ k, in such a way each pair of the 2n bodies have equal masses, and in
Section 4.1 we describe a specific case related with the restricted four-body problem. In Section 5
we define the restricted four-body problem, whereas in Section 6 we establish the equations that
we study in order to determine numerically periodic orbits and we show the numerical results. In
Section 7 we approximate the restricted four-body problem by one of two bodies, which can be
considered if the test particle is far away from the primaries, and then we finish with the conclusions
of this work.
2. Equations of motion
Consider N particles on the plane with positive masses mi, i = 1, · · · , N interacting through the
Newton’s gravitational force. We denote respectively the position and velocity vectors by
ri = (xi, yi), vi =
dri
dt
, i = 1, · · · , N.
We assume an inertial frame of reference with origin at the center of mass of the N bodies. The
kinetic energy of the system and the gravitational potential are
K =
1
2
N∑
i=1
miv
2
i , U = −
N∑
i<j
Gmimj
rij
,
where G is the universal gravitational constant, and rij = |ri − rj | the relative distance between
the particles i and j. The Lagrangian of the system is
L = K − U,
so the Euler-Lagrange equations
d
dt
∂L
∂vi
− ∂L
∂ri
= 0, i = 1, · · · , N
give rise to the equations of motion
d2ri
dt2
=
N∑
j 6=i
Gmj(rj − ri)
r3ij
, i = 1, · · · , N. (2.1)
The system (2.1) can be rewritten as
dri
dt
= vi,
dvi
dt
= ai,
(2.2)
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where
ai =
N∑
j 6=i
Gmj(rj − ri)
r3ij
,
for i ∈ {1, · · · , N}. Considering
u = (r1, · · · , rN ,v1, · · · ,vN ),
the equation (2.1) can be written as a 4N–dimensional first-order system
du
dt
= F(u), (2.3)
where
(F2i−1, F2i) = vi, (F2N+2i−1, F2N+2i) = ai, i = 1, · · · , N.
The system (2.3), equivalent to (2.1), is not defined if at least two bodies are in the same position,
i.e., when there is collision. Let
∆ij = {(r1, · · · , rN ) ∈ R2N | ri = rj}, ∆ =
⋃
i<j
∆ij ,
the configuration space of the system is Λ = R2N\∆, and Ω = Λ×R2N the phase space. We remark
that the initial position and velocity vectors ri(0) ∈ Λ, vi(0) ∈ R2N , i = 1, · · · , N , define a solution
of the N–body problem, or in an equivalent way the vector u(0) ∈ Ω.
3. Reversing symmetries and periodic orbits
The reversing symmetries [13, 15] have been used successfully for studying the periodic orbits
of problems described by differential equations [1, 2, 11, 19, 20]. In the following we give a brief
review of some useful results.
Given (2.3), we say that an involution R : Ω 7−→ Ω is a reversing symmetry if
dR(u)
dt
= −F ◦R(u)
holds. We denote the set of fixed points of R as
Fix(R) = {u ∈ Ω | Ru = u},
and we say that these points are reversible configurations.
If R is a reversing symmetry, we say that a solution u(t) of (2.3), defined in its maximal domain, is
R–symmetric if its orbit is invariant under R. We remark that an orbit is periodic and R–symmetric
if and only if intersects two points of Fix(R). Moreover, if R and R̂ are reversing symmetries then
we say that a solution u(t) is (R, R̂)–symmetric if there exist t0 < t1 in such a way u(t0) ∈ Fix(R)
and u(t1) ∈ Fix(R̂). In this case we also say that[t0, t1] is the basic domain.
The next Theorem establish a main property between reversing symmetries and the periodicity
of the solutions of differential equations [20, 26].
Theorem 1 (Mun˜oz-Almaraz, Vanderbauwhede). Let u(t) be a (R, R̂)–symmetric solution
with basic domain [0, T0]. Then u(t) is defined for all t ∈ R, and we have for all t ∈ R and all
m ∈ Z that
u(−t) = Ru(t),
u(t) = R̂u(2T0 − t),
u(2mT0 + t) = (R̂ ◦R)mu(t).
If there exists some M ∈ N such that (R̂ ◦R)M = id, the solution is (R, R̂)–symmetric with period
T = 2MT0.
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4. Reversing symmetry Φθ and its fixed points
In this Section we demonstrate that the transformation Φθ, to be defined, is a reversing symmetry
of the planar N–body problem with N = 2n+ k, n, k,∈ N. This reversing symmetry has the
restriction that 2n bodies must have the same value in their masses at pairs, we mean m2i = m2i−1
for i = 1, · · · , n. There is not a restriction about the masses for the other k bodies1). Thereafter,
we determine their fixed points. This type of fixed points was mentioned in the four body problem
by Broucke [4], for the case of four equal masses.
First, we introduce the notation. We use column vectors, including nested vectors. For instance,
if x ∈ R2m, xi ∈ R2, i = 1, · · · ,m, then we could write
x =

x1
...
xm
 .
Moreover, given any transformation A : R2 → R2, we use brackets [·] to indicate
A[x] =

Ax1
...
Axm
 .
Besides the usual state vectors ri, vi, i = 1, · · · , N ,
r =

r1
...
rN
 , v =

v1
...
vN
 , u =
 r
v
 ,
we also consider
q =

r1
r2
...
r2n−1
r2n

, q˜ =

r2
r1
...
r2n
r2n−1

, Q =

r2n+1
...
r2n+k
 ,
p =

v1
v2
...
v2n−1
v2n

, p˜ =

v2
v1
...
v2n
v2n−1

, P =

v2n+1
...
v2n+k
 .
(4.1)
1)With the aim of simplify the proof, we exclude two cases: k = 0, n ≥ 1, and n = 0, k ≥ 2.
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In terms of (4.1), the equations of motion u˙ = F(u) become
q˙
Q˙
p˙
P˙
 =

p
P
f(q,Q)
g(q,Q)
 ,
f(q,Q) =

a1(q,Q)
a2(q,Q)
...
a2n−1(q,Q)
a2n(q,Q)

, g(q,Q) =

a2n+1(q,Q)
...
a2n+k(q,Q)
 ,
(4.2)
where
ai(q,Q) =
N∑
j=1,j 6=i
Gmj(rj − ri)
|rj − ri|3 , i = 1, · · · , N. (4.3)
We also define rotation and reflection matrices in R2, namely
Gθ =
 cos θ − sin θ
sin θ cos θ
 , K =
 1 0
0 −1
 ,
and the transformations P˜ , G˜θ, K˜ : R4N → R4N ,
P˜

q
Q
p
P
 =

q˜
Q
p˜
P
 , G˜θ

q
Q
p
P
 =

Gθ[q]
Gθ[Q]
Gθ[p]
Gθ[P]
 ,
K˜

q
Q
p
P
 =

K[q]
K[Q]
−K[p]
−K[P]
 .
(4.4)
With this, we are able to define the reversing symmetry Φθ.
Theorem 2. The transformation Φθ : R4N → R4N , Φθ = P˜ ◦ G˜θ ◦ K˜, is a reversing symmetry of
(4.2).
Proof. First, we show that Φθ is an involution. In accordance with this purpose, we give some
properties. Given the identity Im in Rm, we have for the inverse transformations
GθG−θ = I2, K2 = I2,
G˜θ ◦ G˜−θ = I4N , K˜ ◦ K˜ = I4N , P˜ ◦ P˜ = I4N .
(4.5)
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In a similar way, we have the commutation relations
GθK = KG−θ,
G˜θ ◦ K˜ = K˜ ◦ G˜−θ, P˜ ◦ K˜ = K˜ ◦ P˜ , P˜ ◦ G˜θ = G˜θ ◦ P˜ .
(4.6)
By (4.4) and (4.5), it is straightforward to see that Φθ ◦ Φθ = I4N .
The second condition that Φθ must fulfill is
Φθ ◦ F = −F ◦ Φθ (4.7)
For the left hand of (4.7) we have
(Φθ ◦ F)

q
Q
p
P
 = P˜

GθK[p]
GθK[p]
−GθK[f(q,Q)]
−GθK[g(q,Q)]
 .
Using P˜ ◦ G˜θ ◦ K˜ = G˜θ ◦ K˜ ◦ P˜ , the previous equation become
(Φθ ◦ F)

q
Q
p
P
 =

GθK[p˜]
GθK[P]
−GθK [˜f(q,Q)]
−GθK[g(q,Q)]
 , (4.8)
where
f˜(q,Q) =

a2(q,Q)
a1(q,Q)
...
a2n(q,Q)
a2n−1(q,Q)

.
On the other hand, for the right side of (4.7) we have
−(F ◦ Φθ)

q
Q
p
P
 =

GθK[p˜]
GθK[P]
−f(GθK[q˜], GθK[Q])
−g(GθK[q˜], GθK[Q])
 . (4.9)
By comparing (4.8) and (4.9), we get that Φθ is a reversing symmetry if
f(GθK[q˜], GθK[Q]) = GθK [˜f(q,Q)],
g(GθK[q˜], GθK[Q]) = GθK[g(q,Q)],
(4.10)
is satisfied. In order to show that (4.10) holds, we rewrite the accelerations (4.3); we distinguish three
cases for the possible indices 1, · · · , N : odd and even indices for 1, · · · , 2n, and 2n+ 1, · · · , 2n+ k.
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The odd case is given by
a2i−1(q,Q) =
n∑
j=1,j 6=i
Gm2j−1(r2j−1 − r2i−1)
|r2j−1 − r2i−1|3
+
n∑
j=1
Gm2j(r2j − r2i−1)
|r2j − r2i−1|3 +
k∑
j=1
Gm2n+j(r2n+j − r2i−1)
|r2n+j − r2i−1|3 ,
(4.11)
with i = 1, · · · , n. For the even case we have
a2i(q,Q) =
n∑
j=1
Gm2j−1(r2j−1 − r2i)
|r2j−1 − r2i|3
+
n∑
j=1,j 6=i
Gm2j(r2j − r2i)
|r2j − r2i|3 +
k∑
j=1
Gm2n+j(r2n+j − r2i)
|r2n+j − r2i|3 ,
(4.12)
where i = 1, · · · , n. For the other case, we have for i = 1, · · · , k,
a2n+i(q,Q) =
n∑
j=1
Gm2j−1(r2j−1 − r2i)
|r2j−1 − r2n+i|3
+
n∑
j=1
Gm2j(r2j − r2n+i)
|r2j − r2n+i|3 +
k∑
j=1,j 6=i
Gm2n+j(r2n+j − r2n+i)
|r2n+j − r2n+i|3 .
(4.13)
It is straightforward to see that ai(q˜,Q), for i ∈ {1, · · · , N} fixed, is obtained from ai(q,Q) by means
of using m2j = m2j−1, and interchanging, inside the summations, r2j−1 ↔ r2j , for j = 1, . . . , n.
Doing this for (4.11-4.13), we have
a2i(q˜,Q) = a2i−1(q,Q), i = 1, · · · , n,
a2i−1(q˜,Q) = a2i(q,Q), i = 1, · · · , n,
a2n+i(q˜,Q) = a2n+i(q,Q), i = 1, · · · , k.
(4.14)
Thus, by using (4.14) in the first equation of (4.10), we get
f(GθK[q˜], GθK[Q]) =

a1(GθK[q˜], GθK[Q])
a2(GθK[q˜], GθK[Q])
...
a2n−1(GθK[q˜], GθK[Q])
a2n(GθK[q˜], GθK[Q])

=

GθK[a1(q˜,Q)]
GθK[a2(q˜,Q)]
...
GθK[a2n−1(q˜,Q)]
GθK[a2n(q˜,Q)]

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=

GθK[a2(q,Q)]
GθK[a1(q,Q)]
...
GθK[a2n(q,Q)]
GθK[a2n−1(q,Q)]

= GθK [˜f(q,Q)].
The demonstration for the other equation of (4.10) is similar. 
Once we have demonstrated that Φθ is a reversing symmetry, in the following we determine the
fixed points of Φθ. The equation that defines the set of fixed points of Φθ, we mean Fix(Φθ), is
(P˜ ◦ G˜θ ◦ K˜)(u) = u.
In the previous equation a parameter (angle) appears. It is enough to determine the fixed points
for Φ0 for characterize Φθ since they are related by rotations, as we state in the following result.
Proposition 1. Let u be a fixed point of Φθ, then G˜α(u) is a fixed point of Φ2α+θ.
Proof. Let u ∈ Fix(Φθ), therefore
(P˜ ◦ G˜θ ◦ K˜)(u) = u.
Multiplying both sides by G˜α, and introducing the identity I4N = G˜−α ◦ G˜α at the left of u, the
previous equation becomes
(G˜α ◦ P˜ ◦ G˜θ ◦ K˜ ◦ G˜−α ◦ G˜α)(u) = G˜α(u),
Taking into account the previous equation and (4.6), we obtain
(P˜ ◦ G˜2α+θ ◦ K˜)(G˜α(u)) = G˜α(u),
therefore G˜α(u) ∈ Fix(Φ2α+θ). 
According to the previous result, we can use Fix(Φ0) for describing Fix(Φθ). In order to determine
Fix(Φ0), it is convenient to consider vectors (4.1). The set Fix(Φ0) is conformed by the state vectors
that satisfy the equation
K[q˜] = q, K[Q] = Q, −K[p˜] = p, −K[P] = P, (4.15)
which admits an infinite number of solutions. Considering r2i−1, v2i−1, i = 1, · · · , n, x2n+l, vy2n+l,
l = 1, · · · , k, as independent parameters, the solution of (4.15) is given by
x2i = x2i−1, y2i = −y2i−1, i = 1, · · · , n,
vx2i = −vx2i−1, vy2i = vy2i−1, i = 1, · · · , n,
y2n+i = 0, vx2n+i = 0, i = 1, · · · , k.
(4.16)
Notice that bodies with indices 2i− 1 and 2i, for i ∈ {1, · · · , n} fixed, appear at the vertices of an
isosceles triangle, and its velocities are related by a reflection along the direction of the base of
the triangle (y–axis). On the other hand, the bodies with index 2n+ i, i ∈ {1, · · · , k}, lie along the
x–axis, and their velocities are orthogonal to their positions.
Remark 1. If we permutate the indices in Φθ for the bodies with same mass, we mean 2j ←→
2j − 1, for j ∈ {1, · · · , n}, the new transformation is also a reversing symmetry. Something similar
holds for Fix(Φθ).
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4.1. Reversible configurations for the restricted four-body problem
In the following we present the reversible configurations that we have considered for studying
specific orbits of the restricted four-body problem.
Let us consider the reversible configuration (4.16) for n = 1, k = 2. We set that the bodies 1, 2
and 3 have unitary mass, and that the fourth be infinitesimal. As we mentioned, if we permutate
the bodies 1 and 2 we will obtain a reversible configuration. Nevertheless, for our restricted four-
body problem we can permutate three bodies, those with unitary mass. In our problem it is
relevant to identify reversing symmetries related by a permutation, therefore from here on we
add an index to the reversing symmetry described in Section 4. In our case only is useful the cyclic
permutation σ : 1→ 3→ 2→ 1, so we consider three reversible configurations Fix(Φ0,j), j = 1, 2, 3.
For reference, we write down explicitly Fix(Φ0,1):
x1 = x2, y1 = −y2, y3 = 0, y4 = 0,
vx1 = −vx2, vy1 = vy2, vx3 = 0, vx4 = 0.
(4.17)
The other two reversible configurations can be defined recursively. We have for j = 2, 3 that
Fix(Φ0,j) is Fix(Φ0,j−1) subject to σ.
5. Restricted problem for the eight figure
Let us consider four particles in a fixed plane. Three of them, identified with indices i = 1, 2, 3,
follow the eight figure choreography, and a fourth one is massless moving by the influence of the
others. We choose units [6] in such a way mi = 1, i = 1, 2, 3, G = 1, T = 12T = 6.32591398, where
T is the period of the choreography, and 2T the time that passes between two consecutive isosceles
configurations (see Fig. 1).
Fig. 1. Evolution of the eight figure choreography that starts at isosceles configuration.
We assume that at the initial time t = 0, the particles i = 1, 2, 3, appear in the first isosceles
configuration depicted in Fig. 1, that is ri(0) = rci, vi(0) = vci, i = 1, 2, 3, where
rc1 = (−0.54050854325, 0.3452633140),
rc2 = (−0.54050854325,−0.3452633140),
rc3 = (1.081017086500, 0),
vc1 = (1.0971223818,−0.23360476285),
vc2 = (−1.0971223818,−0.23360476285),
vc3 = (0, 0.46720952570).
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The vectors ri(t), vi(t), i = 1, 2, 3, are known functions (numerically) of time, T–periodic, and do
not depend on the state vectors of the massless particle.
On the other hand, the motion of the fourth particle depends on the vectors ri(t), i = 1, 2, 3.
The equations of motion of the fourth particle are
r¨4 =
3∑
j=1
rj(t)− r4
r34j
. (5.1)
It was already mentioned that one difficulty to study the equations (5.1) is that we do not have
an explicit expression for the position of the primaries, which does not happen in the classic cases,
for instance the circular and elliptic restricted three-body problems.
6. Periodic orbits in the restricted four-body problem
With the objective of determining periodic orbits, we study those orbits which pass through
fixed points of two reversing symmetries, possibly different. In our case the reversible configurations
Fix(Φ0,j), j = 1, 2, 3 (see Section 4.1) are compatible with the restricted four-body problem.
We state that at t = 0 the orbits coincides with Fix(Φ0,1). Thus, the initial condition of the
fourth particle matches Fix(Φ0,1), we mean, it is of the form y40 = 0, vx40 = 0, according to (4.17)
(see Fig. 2). Now, we need that at some T0 6= 0 the orbit reaches a reversible configuration Fix(Φ0,j),
j ∈ {1, 2, 3}. This only can happen if T0 = 2mT , m ∈ N0, because these are the times where the
configuration of the three bodies is compatible with the eight figure choreography.
Fig. 2. Reversible configuration of the restricted four-body problem.
Therefore, we have to find unknowns T0 = 2mT , m ∈ N, x40, vy40 ∈ R, in such a way
φT0(x40, 0, 0, vy40) = (x41, 0, 0, vy41), (6.1)
where φ is the flow of (5.1), and x41, vy41, real numbers (its specific values are irrelevant, in the sense
of periodicity). According to Theorem 1, if (6.1) is satisfied then we have determined a periodic
orbit since the reversible configurations Fix(Φ0,j), j = 1, 2, 3 are related by a cyclic permutation in
the indices of the primaries.
The period of the orbit is determined by the value of M , according to Theorem 1. In order
to identify M we just need to see what reversing symmetries are associated to the orbit. By
construction, at t = 0 the orbit coincides with Fix(Φ0,1), therefore we only have three compositions
for such reversing symmetries, we mean (Φ0,j ◦ Φ0,1), j = 1, 2, 3. It is straightforward to see that
(Φ0,1 ◦ Φ0,1) = id, (Φ0,2 ◦ Φ0,1)3 = id, (Φ0,3 ◦ Φ0,1)3 = id.
Thus, if the orbit passes through two fixed points of Φ0,1 then M = 1, and the corresponding period
becomes T = 2T0. On the other hand, if the orbit passes through a fixed point of Φ0,1 and Φ0,j for
some j ∈ {2, 3} then T = 6T0.
With the aim of solve numerically this problem, we set boundary value problems (BVPs)
associated to (5.1) whose solutions lead to initial conditions which meet (6.1). Our initial conditions
are of the form (x40, 0, 0, vy40) which for brevity we denote as (x40, vy40).
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6.1. Boundary Value Problem - T0 fixed
We establish two different BVPs, in each one of them T0 is fixed as an multiple of T . For these
problems we we will have two unknowns, that is x40 and vy40. In the first BVP we set that at the
time t = 2pT , p ∈ N, the fourth particle lies on the horizontal axis, we mean (5.1) restricted to
y4(0) = 0, y4(2pT ) = 0,
vx4(0) = 0.
(6.2)
The solutions of (6.2) are defined by the set
C(y,2p) =
{
(x40, vy40) ∈ R2 | y4(2pT ) = 0
}
. (6.3)
In a similar way, at the time t = 2qT the fourth particle has zero horizontal velocity, thus
y4(0) = 0, vx4(2qT ) = 0.
vx4(0) = 0.
(6.4)
The solutions of (6.4) are described by
C(vx,2q) =
{
(x40, vy40) ∈ R2 | vx4(2qT ) = 0
}
. (6.5)
Notice that, in a generic sense, (6.3) and (6.5) define curves in the plane x40vy40. A relevant property
of these sets is that for p = q the intersection is conformed by points that satisfy (6.1), we mean,
if (x40, vy40) ∈ C(y,2p) ∩ C(vx,2p), then (x40, 0, 0, vy40) gives rise to a periodic orbit.
6.2. Boundary Value Problem - T0 variable
Next, we define a BVP in such a way the characteristic time T0 ∈ R>0 is unknown. We remark
that for this BVP the time T0 does not need to be an even multiple of T . Thus, we consider (5.1)
with the condition
y4(0) = 0, y4(T0) = 0,
vx4(0) = 0, vx4(T0) = 0.
(6.6)
We define the set of solutions of (6.6) as
CR =
{
(x40, vy40, T0) ∈ R2 × R>0 | y4(T0) = 0, vx4(T0) = 0
}
. (6.7)
The set (6.7) is conformed by curves in the three-dimensional space x40vy40T0. The points within CR
such that T0 = 2mT , m ∈ N, define symmetric periodic orbits because the corresponding solutions
pass through reversible configurations at times t = 0, T0.
6.3. Numerical results
In order to compute solutions of the BVPs previously defined, we need a starting solution of the
corresponding problem, that we will call a “seed”. We obtain the “seeds” by means of solving root
finding problems, in the following we explain for C(y,2p). According to (6.3) we have T0 = 2pT , for
some p ∈ N, and we want to determine unknowns x40, vy40, so that
y4(T0, x40, vy40) = 0. (6.8)
We need an approximate value of the root (x40, vy40), namely (x4∗, vy4∗). If we fix one of the
variables, for instance x40 = x4∗, we only need to find vy40. If (x4∗, vy4∗) is a good enough
approximation, usually with a Newton’s method, we will find a value vy40 such that (6.8) holds.
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Fig. 3. Sets C(y,20), C(vx,20) in black and gray series, respectively. At the intersection, indicated with a closed
dot, a periodic orbit appears. The initial condition of this orbit is shown in Table 1, 15th row.
Similar root problems can be established for C(vx,2q) and CR. Once we have a “seed”, we are able
to compute solutions of the corresponding BVP.
In Fig. 3 we show a small part of the sets C(y,20), C(vx,20), and in Fig. 4 we exhibit the projection
of CR (computed part) in the plane x40vy40.
From the different BVPs, in the sense of periodicity, CR is the most practical because in this set
we only need to identify the orbits in which T0 is an even multiple of T . In Fig. 4, first plot from top
to bottom, we show one principal branch of CR, which was computed without difficulties because
the test particle does not pass close to the primaries. However, in the other plot within Fig. 4 there
are initial conditions that lead to orbits where the test particle passes near the primaries at some
time. These orbits present numerical difficulties since the equations of motion are not defined at
collisions.
We found symmetric periodic orbits with different properties. There are two kinds of orbits (limit
cases) for those who the dynamics can be easily explained. For example, for certain small values of
both x40 and vy40, the massless particle could turn around only one primary at all time, defining
a binary system. On the other hand, for x40 large enough, and adequate vy40, the orbit of the
fourth particle resembles an elliptic orbit (see next Section). Examples of these two limit cases are
shown in Fig. 5. With the exception of the limit cases, in general the orbits present a complicated
structure. For instance, there are orbits that in some part the test particle passes very close to the
primaries, whereas in other part passes far away of the primaries. This can be appreciated in the
orbits shown in Fig. 6. Notice that, as a consequence of the reversibility, all the periodic orbits
computed are symmetric with respect to the horizontal axis.
7. Two-body approximation
This restricted four-body problem can be approximated by one of two bodies if the test particle
is far enough away from those that follow the eight figure choreography. For the approximation
we consider a fictitious body with mass m = 3, position r, and velocity v, and the massless body
(m4 = 0) with position r4, and velocity v4. For these two bodies we consider an elliptic solution.
From all the points that conform the ellipse we are interested exclusively in the apocenter and
pericenter, since only at these configurations r4 and v4 fulfill the reversible configurations described
in Section 6. Assuming the origin at the center of mass, so, at the apocenter the state vectors of
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Fig. 4. Projection of the set CR on the plane x40vy40. The initial conditions represented by a closed dot define
periodic orbits.
the two-body problem are given by
r = − m4
m+m4
a(1 + e)ˆı, v = − m4√
m+m4
√
G(1− e)
a(1 + e)
ˆ,
r4 =
m
m+m4
a(1 + e)ˆı, v4 =
m√
m+m4
√
G(1− e)
a(1 + e)
ˆ,
where a is the semi-major axis, e the eccentricity, and ıˆ, ˆ the usual canonical vectors. We are
assuming that the origin of the coordinate system is located at the center of mass of the system,
and that the semi-major axis goes in the direction ıˆ (for the case of the pericenter just replace e
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Fig. 5. From left to right, the orbits have period 48T and 12T , respectively. The corresponding initial
conditions are given in 9th and 3th rows of Table 1.
by −e). In our case G = 1, m = 3, m4 = 0, therefore
r = 0, v = 0,
r4 =
 a(1 + e)
0
 , v4 =
 0√3(1− e)
a(1 + e)
 ,
so that
vy4 =
√
3(1− e)√
x4
. (7.1)
The curve defined by (7.1) resembles the first graph of Fig. 4. The orbits defined by the two-
body problem are periodic. However, in order to fulfill the relation between the orbits in the
restricted four-body problem, we only need to consider those whose period is an even multiple of
the characteristic time, that is T = 2mT , m ∈ N. With this we obtain the relation
(2mT )2 =
4
3
pi2
x34
(1 + e)3
. (7.2)
Notice that (7.1) is invariant under the transformation
(x4, vy4)→ (αx4, 1√
α
vy4),
which corresponds to a change of the scale of the orbit (homothetic property). It implies that, for
a given eccentricity e, the entries x4 and vy4 are related by a monoparametric family. However, in
our case, the scale is fixed because the eight figure orbit has specific initial conditions. Thus, the
periodic orbits do not appear in a monoparametric family, only in a discrete way. It is expected
that the curve (7.1), for a large distance from the test particle to the primaries, gives rise to good
enough approximations of initial conditions of periodic orbits of the restricted four-body problem.
8. Conclusion
We have introduced a restricted four-body problem, associated to the eight figure choreography,
and we showed the existence of a reversing symmetry for the N–body problem with N = 2n+ k,
where each pair of the 2n bodies have equal masses. With the help of reversing symmetries, we
computed a small part of the sets that give rise to symmetric orbits.
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Fig. 6. From top to bottom, left to right, the first orbit has period 24T . The posterior orbits have periods
12T , 48T , 12T and 120T , respectively. The corresponding initial conditions are given in 8th, 5th, 1th, 2th and
4th rows of Table 1.
We approximate the solutions with a two-body problem, when the test particle is far away
from the primaries. In principle the same idea could work for orbits in which the test particle
surround only one primary. Solutions which pass near collision are interesting, in particular those
associated to binary systems. Nevertheless, their numerical study require from the regularization
of binary collisions since the test particle passes very close to some of the choreographic bodies.
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In the future, this work can be complemented with a more extensive study of symmetric periodic
orbits, and its bifurcations.
Another kind of continuation that can be made in this restricted four-body problem is in the
mass parameter m4, with the aim of connecting orbits of the full gravitational problems of three
and four bodies. For instance, it would be interesting to relate the eight figure and Gerver’s super
eight choreographies.
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Table 1. Initial conditions for symmetric periodic orbits in the restricted four-body problem. The
orbit passes through reversible configurations at times t = 0, T0. Here 12T˜ is the period of the eight
figure choreography, and T the period of the orbit of the restricted four-body problem.
# T0/T T/T x4 vy4
1 8 48 -1.151372102323705 1.192735308310391
2 6 12 0.392064354827005 -2.088580677571261
3 6 12 1.145057806500420 4.421084342099486
4 20 120 0.261908739769502 0.768218486423285
5 6 12 1.231780839019731 3.098731109349930
6 2 12 1.364108936002170 2.676664885954700
7 2 12 1.557889835185201 1.732435901189350
8 4 24 1.465940005977230 2.259081336057390
9 8 48 2.280410388953660 1.110720371401547
10 10 60 2.403183107401021 1.143021410598030
11 12 24 2.559935679202217 1.131013972457270
12 14 84 2.727991976218170 1.106651149430582
13 16 96 2.917809831461645 1.071706543150445
14 18 36 3.120691699353664 1.033349295535902
15 20 120 3.328354859295013 0.996039191967667
16 22 132 3.533520671511424 0.962303086050867
17 24 48 3.734052676172197 0.932325325122930
18 26 156 3.929756244211741 0.905635308058075
19 28 168 4.120942435281265 0.881706024834630
20 30 60 4.307972049253366 0.860093902208141
21 32 192 4.491174076273875 0.840442308932970
22 34 204 4.670837162699625 0.822465134430957
23 36 72 4.847214688965527 0.805930897509638
24 38 228 5.020530247022094 0.790650437478274
25 40 240 5.190982479530962 0.776467608355671
26 42 84 5.358748764439068 0.763252315834217
27 44 264 5.523988373388391 0.750895210415233
28 46 276 5.686844913076257 0.739303645791943
29 48 96 5.847448514845465 0.728398528559842
30 50 300 6.005917432292149 0.718111887323824
31 52 312 6.162359623497286 0.708384923725778
32 54 108 6.316873887698146 0.699166486221477
33 56 336 6.469550993413046 0.690411825225105
34 58 348 6.620474509569266 0.682081600922888
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